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ABSTRACT
Over the last fifty years, there have been numerous efforts to
develop from first principles a comprehensive discrete formu-
lation of geometric physics, including Whitney’s geometric
integration theory, Tonti’s work on unification of physical
theories, research on mimetic discretization methods, dis-
crete exterior calculus, and Harrison’s theory of chainlets
among others. All these approaches strive to separate phys-
ical models into standard topological, geometric, and physi-
cal components. While each of these components appear to
be well understood, the effective computational connection
between these three components is still lacking, leading to
difficulties in combining, reconciling, and refining physical
simulations. This paper proposes such a connection using
metrized chains defined on a cell complex, an abstraction of
a decomposition of a Riemannian manifold considering only
topological-related properties, to establish a discrete metric
structure on top of a discrete measure-theoretical structure,
embodied in the underlying notion of measured (real-valued)
chains.

The metric structure of the ambient space—be it Euclidean
or Riemannian—carries basic information on the physical
phenomena taking place on that scene. Therefore, it is vital
that this structure be properly mimicked by discrete geomet-
ric models meant to be used for trustworthy physics-based
simulations. The underlying cell complex endowed with a
(discrete) measure-theoretical structure may be used to re-
produce the measure-theoretical properties of the concrete
mesh; refining or coarsening a mesh changes both topology
and measure. Next, we establish a direct link between the
discrete structure described by a chain complex and the Rie-
mannian metric of the underlying manifold. To this end, we
associate a local p-vector field with each elementary p-chain,
and identify the inner product between two chains with the
inner product between the corresponding multi-vectors.

By doing so, chains are identified with elements of their dual

space, i.e., cochains, in a way that mimics the metric of the
approximated manifold. Moreover, boundary and cobound-
ary operators—acting respectively on chains and cochains—
may then be composed with each other, giving rise to physi-
cally meaningful Laplace-de Rham operators, an ubiquitous
ingredient of physical modeling.

Categories and Subject Descriptors
I.3.5 [Computational Geometry and Object Model-
ing]: Physically based modeling; J.2 [Physical Sciences
and Engineering]: Engineering

General Terms
Discrete calculus, Geometrical and physical modeling.

1. INTRODUCTION
The notion of a (finite) cell complex—which we take here
for granted—abstracts the topological features of any rea-
sonable computational mesh, stripping away all its extra-
topological properties. A cell complex is thus an equiva-
lence class of (geometrically different) meshes sharing the
same topology, i.e., the same sets of cells of each dimension
and the same incidence relations. By design, much of the
information included in a concrete mesh is wiped out in the
corresponding cell complex. The rest of the game consists in
rebuilding layer after layer more-than-topological structures
suited to the established discrete setting, i.e., compatible
with the underlying cell complex.

The first move is to change cells into chains, by attaching
a value to each cell. Standard books on algebraic topol-
ogy [14,21] pick these values out of any commutative group,
since this is the minimum apparatus enabling chain addi-
tion. This seems to be done for merely instrumental rea-
sons: standard books talk of ‘formal sums’. Our attitude,
embryonically showed in [12], is different: we need a field
of scalars, in order to be able not only to add, but also to
scale chains. So, to us a chain complex is the vector space
spanned via linear combination by unit chains, i.e., chains
attaching the unit value to a single cell and the null value to
all the others. Thanks to the linear structure imparted to
the set of chains, cochains naturally appear as linear forms
on chains, i.e., as elements of the algebraic dual of the space
of chains. In this context, the boundary is a linear operator
and the coboundary is its dual.

Moreover, we wish to impart size to cells. We are thus led
to consider real-valued chains, attaching a signed p-measure



to each p-cell. The underlying cell complex is so endowed
with a (discrete) measure-theoretical structure that may be
used to reproduce the measure-theoretical properties of the
concrete mesh topologically represented by the cell complex:
by definition, a homeomorphic distortion of the mesh does
not affect the corresponding cell complex; however, it does
affect sizes, in general. Refining or coarsening the mesh
changes both topology and measure. In particular, if a cell
is split into two, a desideratum is that the sum of the sizes of
the two daughter cells equals the size of the parent cell (or,
if the splitting refines the geometry, that the daughter cells
provide a better approximation to the size of the mimicked
patch than the parent cell). Cochains represent densities
with respect to the measures imparted to cells by real-valued
chains, and the duality pairing between chains and cochains
represents integration in a discrete setting.

Measure, however, does not exhaust geometry. To rein-
troduce metric properties, we endow the linear space of
chains of a (proper) Euclidean inner product, i.e., a real-
valued nondegenerate (symmetric and positive definite) bi-
linear form, canonically identifiable with a bijective linear
map of that space into its dual. Introducing an inner product
on chains is tantamount to identifying chains with cochains.
Via this identification—which depends on the inner prod-
uct selected—boundary and coboundary operators (acting
respectively on chains and cochains) may be composed with
each other, giving rise to the Laplace-de Rham operators.
Changing the inner product changes neither the boundary
nor the coboundary operators; however, it does change the
Laplace-de Rham operators.

We aim to establish a link between this discrete structure
and the Riemannian metric of the underlying manifoldM, a
link strong enough that the Riemannian metric may be re-
covered in the limit of infinite mesh refinement. The key
idea, in some ways dual to the construction of Whitney
forms for simplicial cochains [7,35], is to associate a p-vector
field on M with each unit p-chain, for p ranging from 0 to
d := dimM. This construction is by no means unique. We
want chains to be smeared into fields so as to satisfy the fol-
lowing conditions: i) representativeness: the p-vector field
associated with a unit p-chain should be tangent to the cor-
responding mesh element; ii) locality: the support of the
p-vector field associated with a unit p-chain should contain
the corresponding (p-dimensional) mesh element and be con-
tained in the union of the d-dimensional mesh elements inter-
secting that p-dimensional mesh element; iii) integrability:
each smearing field should be square-integrable (and normal-
ized in such a way that the integral of its square equals one);
iv) asymptotic completeness: in the limit of infinite mesh re-
finement, all square-integrable multi-vector field should be
approximated by a linear combination of the smearing fields.

Once a set of suitable smearing fields is constructed, the
Gram matrix G of the unit chains is obtained by defining
the inner product of any two of them to be equal to the
inner product between the corresponding multi-vector fields
induced by the Riemannian structure of the underlying man-
ifold M. Therefore, G is block-diagonal, all p-vector being
thought of as orthogonal to all q-vectors, for p different from
q; moreover, each block is asymptotically sparse, since the
intersection of the supports of most pairs of smearing fields

is negligible in a reasonably fine mesh.

1.1 Overview
In the following Sections, we consider a cell complex K rep-
resenting a finite partition of a Riemannian manifold mod-
eled on Ed, i.e. a real differentiable d-dimensional manifold
M in which each tangent space is equipped with an inner
product (i.e., a positive definite bilinear form), which varies
smoothly from point to point. Of course, the Euclidean
d-dimensional space Ed is itself a (very special) Rieman-
nian manifold. The hierarchy of measures (length, area,
volume, . . . ) induced by the metric structure of M sur-
faces already in Section 2.1, where it is mimicked by mea-
sured chains. In Section 6 the notion of metrized chains is
introduced, in order to approximate the metric structure it-
self. This allows us to produce a hierarchy of Laplace-de
Rham operators on cochains that approximate the corre-
sponding Laplace-Beltrami operators on differential forms
over M (Section 7). Preliminary numerical results for the
Poisson equation on 2-dimensional tori endowed with dif-
ferent metric structures (flat and curved) are presented and
discussed in Section 8.

2. CHAINS
Preliminary to the introduction of p-chains, we define the
p-skeleton Kp ⊂ K of a cell complex K as the subset of
oriented p-cells of K, and denote with kp its cardinality.
The p-skeleton Kp will be ordered by labeling each p-cell

with a positive integer: Kp = (σ 1
p , . . . , σ

kp
p ).

Let (G,+) be a (nontrivial) abelian group. A p-chain on K
with coefficients in G is a mapping cp : Kp → G such that,
for each σ ∈ Kp, reversing a cell orientation changes the sign
of the chain value:

cp(−σ) = −cp(σ) .

Chain addition is defined by addition of chain values. If
c 1

p , c
2
p are two p-chains, then (c 1

p + c 2
p )(σ) = c 1

p (σ) + c 2
p (σ),

for each σ ∈ Kp. The resulting (abelian) group is denoted
Cp(K;G).

Let σ be an oriented cell in K and g ∈ G. Then, the ele-
mentary chain gσ is defined as the chain whose value is g
on σ, −g on −σ , and 0 on any other cell in K. Each chain
may then be written in a unique way as a (finite) sum of
elementary chains:

cp =

kpX
k=1

gk σ
k
p . (1)

If we take for G the smallest nontrivial group, i.e., G =
{−1, 0, 1}, then cells can only be discarded or selected, pos-
sibly inverting their orientation.

2.1 Measured Chains
Since we want also to scale chains, we need them to take
values in a field of scalars F. In fact, mesh refinement (and
coarsening) requires chains to be also scaled, and so addi-
tion and subtraction of chains do not suffice. Chains are
then endowed with the additional structure imparted to F
by multiplication. For reasons expounded below, we take



in particular F = R, the real field. Real-valued chains—
without an explicit mention of scale and size—were already
present in the 1957’s book by Whitney: in fact, he meant to
establish a geometric foundation for integration.

Real-valued chains may be used to attach a signed p-measure
to p-cells, i.e. length to 1-cells, area to 2-cells, volume to 3-
cells, and so on, thus restoring part of the geometrical infor-
mation stripped away by the purely topological construction
of a cell complex.

In fact, mesh refinement (and coarsening) requires chains
to be also scaled, being representatives of measures, and so
addition and subtraction of chains do not suffice.

Thanks to the multiplicative structure of the real field, all
R-valued elementary chains on the p-cell σk

p are multiples

(or submultiples) of the unit chain uk
p, whose value is 1 on

σk
p , −1 on −σk

p and 0 on any other cell in Kp. Therefore,
each chain cp can be seen as a linear combination of unit
chains, and Cp(K; R) as a linear space over R, spanned by
the set of unit p-chains, which constitutes its standard basis:

cp =

kpX
k=1

λk u
k
p . (2)

We stress the fact that the representation (1) would formally
coincide with (2), if each cell σk

p were identified with the cor-

responding unit chain uk
p. However, this seemingly harmless

choice should definitely be avoided, being equivalent to as-
signing one and the same size to all cells. Conversely, we
want to adjust cell sizes, by identifying each cell with a se-
lected elementary chain, i.e., a multiple of the corresponding
unit chain:

σk
p
∼= µk

p u
k
p , (3)

the scalar µk
p being the size imparted to the cell σk

p . The

size µk
p is assumed to be positive—the orientation being ac-

counted for by uk
p —and significantly different from zero:

µk
p � 0 . 0-cells are systematically given a unit size: µk

0 =

1 ⇔ σk
0
∼= uk

0 . Our motivation is illustrated in the following
example.

Example 1 (Chain Complex). Three different parti-
tions of the same 2-D interval are arranged in Figure 1.
The leftmost and rightmost partitions are identical as cell
complexes, i.e., on mere topological grounds. As chain com-
plexes, however, they may differ: their two elementary 2-
chains, if meant to represent (cell area)/(overall area), take
the values (.5, .5) for the leftmost mesh, and (.75, .25) for
the rightmost one. The middle mesh is a refinement of
the leftmost one: its 3 elementary 2-chains take the values
(.5, .25, .25).

3. COCHAINS
By definition, the group of p-cochains of K with coefficients
in G is the group of homomorphisms of Cp(K;G) into G:

C p(K;G) := Hom(Cp(K;G), G),

!2
2

!1
2 !1

2

!2
2

!3
2 !2

2

!1
2

Figure 1: Three 2-complexes.

i.e., γ p ∈ C p(K;G) if and only if γ p : Cp(K;G)→ G and

γ p
“ kpX

k=1

gk σ
k
p

”
=

kpX
k=1

γ p
“
gk σ

k
p

”
for all (g1, . . . , gkp) ∈ Gkp .

If (co)chains are real-valued, then γ p(λup) = λ γ p(up), and
each cochain γ p can be seen as a linear combination of the
unit p-cochains η p

1 , . . . , η
p
kp

, whose value is 1 on a unit p-

chain and 0 on all others:

γ p =

kpX
k=1

λk η p
k , where η p

j (ui
p) =


1 if i = j ;
0 otherwise.

(4)

Therefore, the space C p(K; R) can be seen as the dual space
of Cp(K; R). It is spanned by the set of unit p-cochains,
which constitutes the basis dual to the standard basis of
Cp(K; R). The evaluation of a real-valued cochain is aptly
denoted as a duality pairing, in order to stress its bilinear
property:

γ p(cp) = 〈γ p, cp〉.
Real-valued cochains represent densities with respect to the
measures imparted to cells by real-valued chains, and the
above duality pairing is a discrete preliminary to integration:
its value yields the integral of the density γ p over the chain
cp, i.e., the content in the support of cp of the quantity
gauged by γ p.

4. BOUNDARY AND COBOUNDARY
The boundary operator

∂p : Cp(K)→ Cp−1(K)

is first defined on simplices (see [21, Ch. 1 § 5]). The next
step is to extend ∂p to cells by partitioning them into sim-
plices, and assuming ∂p to be additive. The boundary oper-
ator is then extended to elementary chains, by taking

∂p(gσ) := g(∂pσ) ,

and finally to all chains by additivity. Furthermore, ∂p is
assumed to preserve the linear structure real-valued chains
have been endowed with.

The coboundary operator

δ p : C p(K) → C p+1(K)

acts on p-cochains as the dual of the boundary operator ∂p+1

on (p+ 1)-chains: for all γ p ∈ C p and cp+1 ∈ Cp+1,

〈δ pγ p, cp+1〉p+1 = 〈γ p, ∂p+1 cp+1〉p .



For once, we have labelled each duality bracket with the
dimension of the (co)chains it acts on. Recalling that chain-
cochain duality means integration, the reader will recog-
nize this defining property as the combinatorial archetype
of Stokes’ theorem. Denoting the dual of an operator by
starring its symbol, we shall write:

δ p = ∂ ∗p+1 .

By definition, the coboundary operator is a homomorphism
preserving the linear structure real-valued cochains have been
endowed with.

5. INCIDENCE & ADJACENCY MATRICES
Since p-chains and p-cochains form dual linear spaces, they
lend themselves to the usual representation of vectors and
covectors as column and row matrices. The standard basis
of Cp and the dual basis of C p will be used throughout.

The components g1, . . . , gkp of a p-chain cp in (2) may be
organized into a column matrix cp = [cp]. Analogously,
the components g1, . . . , gkp of a p-cochain γ p in (4) may be
organized into a row matrix y p = [γ p]. The duality pairing
between γ p and cp is represented by a matrix product:

〈γ p, cp〉 = [γ p][cp].

Furthermore, we shall represent ∂p by means of the kp−1×kp

matrix [∂p] of its components with respect to the standard
bases of Cp(K) and Cp−1(K).

Analogously, we shall represent δ p by means of the kp+1×kp

matrix [δ p] of its components with respect to the standard
bases of C p(K) and C p+1(K), i.e., the bases dual to the
standard bases of Cp(K) and Cp+1(K).

Since we use dual bases, matrices representing dual opera-
tors are the transpose of each other: for all p = 0, . . . , d−1 ,

[δ p] = [∂p+1]t .

The intersection between p-cells and relatively closed (p+1)-
cells may be characterized by the p-incidence matrix Bp,
whose entries B ij

p are defined as follows:

B ij
p = 0 if σi

p ∩ σj
p+1 = ∅ , σ being the closure of σ;

B ij
p = ±1 otherwise, with +1 (−1) if the orientation

of σi
p is equal (opposite) to that of the cor-

responding face of σj
p+1 .

We now introduce the notion of measured p-incidence, by
defining a matrix Mp whose entries M ij

p depend on both
topology (through p-incidence) and measure (through cell
size):

M ij
p := (µi

p/µ
j
p+1)B ij

p .

It should be no surprise that Mp is exactly the matrix rep-
resenting the boundary operator ∂p+1 with respect to the
standard bases of Cp+1 and Cp (here and in the following,
the complex K is often left implied):

[∂p+1] = Mp . (5)

Consequently, its transpose represents the coboundary op-
erator δ p with respect to the dual bases of C p and C p+1:

[δ p] = Mt
p . (6)

If size represents length, area, volume for 1-, 2-, and 3-cells,
respectively, then measured-incidence matrices have physi-
cal dimension (length)−1. Hence, [∂] and [δ] act as first-order
difference operators.

In graph theory, the adjacency matrix of vertices is one of
the many representations of a graph, i.e., a 1-complex K ∼=
(K0,K1). The well-known relation between incidence and
adjacency matrices of a graph can be extended to incidence
and adjacency matrices of all orders p ≤ d of a general d-
complex, for any d ∈ N .

Let Mp be the above introduced measured p-incidence ma-
trix. By post- and pre-multiplying it by its transpose, you
obtain respectively:

A+
p := Mp Mt

p , A−p+1 := Mt
p Mp . (7)

The (symmetric) matrix A+
p is, by definition, the adjacency

matrix between p-chains through (p+1)-chains; analogously,
A−p+1 is the adjacency matrix between (p+1)-chains through
p-chains.

6. METRIZED CHAINS
As established by (5) and (6), Mp represents the boundary
operator ∂p+1 with respect to the standard bases of Cp+1

and Cp, and its transpose Mt
p the coboundary operator δ p

with respect to the dual bases of C p and C p+1. There-
fore, their products in (7), while legitimate as matrix op-
erations, cannot possibly represent products of boundary
and coboundary operators, unless chains are identified with
cochains. This identification is performed by introducing a
sequence of linear isomorphisms Gp (0 ≤ p ≤ d) between
chain spaces and their dual cochain spaces:

· · · Cp+1 Cp Cp−1 · · · C1 C0 .

· · · Cp+1 Cp Cp−1 · · · C1 C0

Gp+1 Gp Gp−1 G1 G0

∂p+2 ∂p+1 ∂p ∂p−1 ∂1

δp+1 δp δp−1 δp−2 δ0

A non-degenerate bilinear form gp : Cp × Cp → R is as-
sociated with each isomorphism Gp, thus establishing an
inner-product structure on the space of p-chains:

gp(cip, c
j
p ) := 〈Gp c

i
p , c

j
p 〉 . (8)

The inner product gp is symmetric if and only if the iso-
morphism Gp is self-dual, i.e., G∗p = Gp. The inverse of the
dual

G p := (G∗p)−1

endows the space of p-cochains with the inner product
gp : C p × C p → R defined analogously to Equation (8):

gp(γ p
i , γ

p
j ) := 〈G p γp

i , γ
p
j 〉 = 〈γp

i , G
−1
p γ p

j 〉 , (9)

so that gp(Gp c
i
p, Gp c

j
p ) = gp(c i

p, c
j
p ) holds identically.

The isomorphism Gp and the associated bilinear form gp

are represented by the Gram matrix Gp, whose entries G ij
p

are the components of the Gp-images of the elements of the



standard basis of Cp in the dual basis of C p:

Gp u
i
p =

kpX
j=1

G ij
p η

p
j ;

equivalently,

G ij
p := gp(ui

p, u
j
p) .

It is easily seen that the Gram matrix Gp representing G p

and gp is the inverse transpose of Gp:

Gp = G−t
p .

The trivial inner product is defined by the assumption:

Gp = Gp = I kp×kp ⇔ Gp u
i
p = ηp

i . (10)

It makes the standard bases of Cp and C p orthonormal,
identifying each unit chain with the corresponding unit co-
chain. Assumption (10), while expedient to use on any given
K, is totally unrelated—in general—to the geometric prop-
erties relevant to the physical phenomena taking place on the
underlying manifold M. Dealing properly with the identifi-
cation between chains and cochains is essential for importing
into the discrete model the relevant, physics-based metric
structure. This issue is also basic to gain the possibility of a
meaningful information transfer from a cell complex to any
of its refinements (and vice versa), and to establish a notion
of convergence for refinement sequences.

To bridge the metric gap between the Riemannian manifold
M and the cell complex K supposed to approximate it, we
associate to each unit p-chain a p-vector field on M (the
notion of tangent vector and multi-vector fields on a differ-
entiable manifold being taken for granted). By doing so, we
establish a linear mapping of the space of p-chains into the
space of p-vector fields:

Sp : Cp(K)→ Xp(M) , (11)

which we call p-smearing map. Let us call unit p-vector
fields the images of unit p-chains under Sp. The support of
each unit p-vector field Sp up contains the corresponding p-
dimensional mesh element and is contained in the (closure of
the) union of the d-dimensional (d=dimM) mesh elements
intersecting that p-dimensional mesh element. Secondly, the
unit p-vector field Sp up is tangent to the corresponding
mesh element. Thirdly, it is square-integrable (and normal-
ized in such a way that the integral of its square equals one).
Obviously, these criteria may be satisfied in infinitely many
ways (but all reasonable choices should be asymptotically
equivalent—with varying rates of convergence, though). In
Section 8 we explore the simplest possible construction, based
on piecewise constant p-vector fields.

Once the p-smearing map Sp is selected, the Gram matrix
Gp is computed through integration on M:

G ij
p =

Z
M

`
Sp u

i
p

´
(x)·

`
Sp u

j
p

´
(x) dV (x) , (12)

where the inner product between p-vectors tangent to M
at x ∈ M is denoted as a dot product, and dV (x) is the
d-volume form induced by the Riemannian metric on TxM.
Clearly, the properties of the dot product are inherited by
gp, which turns out to be symmetric and positive definite.

Hence, Gp is self-dual and Gp = G−1
p . Moreover, since for

a reasonable fine mesh the intersection of the supports of
most unit p-vector fields is negligible, Gp is sparse.

7. LAPLACE-DE RHAM OPERATORS
The adjoint (or transpose) ∂>p+1 of the boundary operator
∂p+1 is characterized by the property:

Gp

`
∂p+1cp+1, cp

´
= Gp+1

`
cp+1, ∂

>
p+1cp

´
,

to be satisfied for all cp ∈ Cp and cp+1 ∈ Cp+1. It is easily
checked that

∂>p+1 = G p+1 ∂ ∗p+1Gp .

Consequently (recall Equation (6)),

[∂>p+1] = Gp+1Mt
p Gp .

Therefore, the (symmetric) adjacency operators

∂p+1∂
>
p+1 , ∂>p+1∂p+1 (13)

are represented respectively by the matrices

Mp Gp+1 Mt
p Gp , Gp+1 Mt

p Gp Mp .

The discrete Laplace-de Rham operators—a fundamental and
ubiquitous ingredient of physical modeling—are defined as
sums of duals of adjacency operators: for all 0 ≤ p ≤ d ,

∆p :=
`
∂p+1∂

>
p+1 + ∂>p ∂p

´∗ = (δp)>δp +δp−1 (δp−1)>, (14)

it being intended that ∂0 and δd (and hence (δ0)>and ∂>d ) are
null. The Laplacian on p-cochains is therefore represented
by the matrix

[∆p] = Gp Mp Gp+1 Mt
p + Mt

p−1 Gp−1 Mp−1 Gp.

Hence, the straightforward representation

[∆p] = A+
p + A−p

is only valid if the inner product hierarchy is trivial (recall
Equation (7)).

8. NUMERICAL EXAMPLES
In the following we will show some numerical examples of
our metric-aware approach, solving the following elliptical
problem, where u is considered a scalar field:

∆u = f , (15)

We shall consider a toroidal domain D = [0, 2π) × [0, 2π)
discretized using square elements. The choice of a toroidal
domain, i.e. with periodical boundary, allows us to disregard
boundary conditions obtaining a unique solution of Equa-
tion (15), except for an additive constant. Our examples
will therefore consider the reference manifold as D ≡ [[K]],
considering different metrical properties on D defined by the
chosen inner product hierarchy. In particular, we will com-
pare the solution of Equation (15) on the domain D dis-
cretized using regular orthogonal grids, with the solution
on a 45 degrees inclined grid, as pictured in Figure 2; next
we we will furnish the same toroidal domain D with a Rie-
mannian metric. Common sense usually discourages such
distorted meshes, and in the following we show that em-
ploying a metric-aware approach we may promptly recover
the accuracy usually lost with highly deformed cells.



Figure 2: Depiction of 1-vector fields S1u1 in red,
and S1u

′
1 in blue. Note that the vector fields, whose

direction are represented by arrows, are not orthog-
onal on the distorted mesh (right).

In the following, our choice of smearing maps Sp yields,
for any up ∈ Cp(K), a constant vector field on D with the
same orientation as up, as pictured in Figure 2, normalized
over the domain, i.e., that the integral of over the domain
〈Spup, Spup〉 produces a unitary scalar value.

We highlight the fact that in these examples, 0- and 2-chains
have orthonormal bases, and therefore G0 and G2 are diago-
nal matrixes. On the other hand, 1-chains have an orthonor-
mal base if, and only if, the underlying grid is orthogonal,
as depicted in Figure 2.

Example 2 (Harmonic function). Let us consider
as known field f defined on the domain D the harmonic
function f(x1, x2) := − sin(x1). The elliptical problem de-
scribed in Equation (15) was solved numerically on both the
orthogonal and inclined grids.

Figure 3: A section of the solution on an orthogonal
grid (blue), on the 45 degrees distorted mesh (red),
and the exact solution (purple).

Our results, pictured in Figure 3 along with the exact sym-
bolic solution (shown in purple), reveal that employing our
metric-aware approach we obtain appreciable results in pres-
ence of significant mesh distortion (red), with the orthogonal
one (shown in blue), sampled at x2 = π/2.

Example 3 (Dirac function). In this example, our
Equation (15) is solved for f(x1, x2) :=u0(x1 − π/4, x2 −
π/4)−u0(x1−3π/4, x2−π/4), where u0 represents the dirac
function. Figure 4 shows the graph of our solution (top), and

a section for both orthogonal and inclined grids, along with
the graph (bottom).

Figure 4: The graph of the solution of Example 3
(top), and a section (bottom): solution on the or-
thogonal grid (blue), on the 45 degrees distorted
mesh (red).

We are now promoting the domain D, a plain torus, to the
Riemannian torus S1 × S1. In the following examples the
undelying topology stays untouched, while all masure- and
metric-related features reflect the geometric properties im-
posed by the new domain. In particular, we solved Equa-
tion (15) reflecting both Examples 2 and 3 on two toruses
T1 and T2 with different radii, in order to exemplify the in-
fluence of pure metrical properties on the results. In detail,
T1 has radii 3.5 and 2.5, while T2 is generated by two circles
with radii 5.95 and 0.05: in these example T2 is therefore
virtually monodimensional, while T1 retains the riemannian
metrical structure. Additionally, in order to achieve a better
accuracy, in Example 5 will be carried on a locally-refined
mesh on T1 (see Figure 7).

Example 4 (Harmonic function on S1 × S1). We
are now transferring the problem illustrated in Example 2
from a plain torus to the analogous Riemannian manifold,



or in other words, we are considering the same domain em-
ploying another particular choice for the inner product on
chains.

In particular, we solve the equation ∆u = − sin(x1) on T1
and T2, with the results pictured in Figure 5. In details we
can see that the virtually monodimensional torus T2 yields
a solution that is not influenced by the metrical structure,
while a substantial deformation is present on T1, as pictured
by the graph of the solution on the bidimensional unfolding
of our domain (see Figure 5, middle).

Example 5 (Dirac function on S1 × S1). In this
example we transpose Example 3 on our two Riemannian
toruses. Since no symbolic solution may be given for Equa-
tion (15) on our domain, we compare our results with a nu-
merical one employing a third-party commercial software. In
this example, in order to achieve a higher accuracy in our
solution, we performed a local refinement of our cell complex
in proximity of our singularities.

Figure 6 shows a section of the solution on both T1 and T2:
our results were compared with the one provided by the third-
party software, to be considered as “exact” (on the left, shown
in red). We notice as the riemannian metric has virtually no
influence on T2; on T1 our solution differs from the reference
numerical result, while achieving better accuracy upon a local
refinement.

The solution on T1 is picured in Figure 7 along with the
results obtained with a local mesh refinement.

9. FINAL REMARKS
In this paper we establish a link between Riemannian mani-
folds and their discrete counterpart represented by cell com-
plexes, integrating measure-theoretical properties and metri-
cal information within the general algebraic-topological con-
cept of chain complexes.

By integrating the standard notion of chain complexes with
measure-theoretical concepts, we aim at recovering the geo-
metrical information stripped away by a classic topological
approach. Moreover, we define a family of inner products Gp

on p-chains that, in addition to measure, recovers also the
Riemannian metric by associating a p-vector field to each
unit p-chain.

We therefore define a link between chains and cochains that
reflect the underlying Riemannian manifold, and, by con-
sidering chains of all dimensions, we construct the complete
hierarchy of Laplace-de Rham operators on cochains, i.e. the
(discrete) counterpart of the Laplace-Beltrami operators on
differential forms.

We mention in passing that the p-vector fields associated to
p-chains play an essential role not only in the definition of
an inner product on chains, but also in the construction of
a wedge product of chains via integration on the underlying
manifold. Further study should be devoted to understanding
the asymptotic structure of the inverse of Gp, i.e., of the
induced inner product on cochains, and how to construct
local approximations to it.
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